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MATHEMATICS EXTENSION 1

Time allowed — 2 hours plus 10 minutes reading time

General + Attempt all questions
Instructions - Write your name and NESA number on the question paper
*  Write using black pen
* NESA approved calculators may be used
The NESA reference sheet has been provided
For questions in Section Il, show relevant mathematical reasoning
and/or calculations

Total marks:  Section | — 10 marks (pages 2 - 5)
70 * Attempt Questions 1 —-10
* Allow about 15 minutes for this section

Section Il — 60 marks (pages 6 — 10)

* Attempt Questions 11 -14

* Each question must be written in a new booklet clearly marked
with your NESA number, class and question number eg. Question
11, Question 12, Question 13 or Question 14
Allow about 1 hour and 45 minutes for this section




Section |

10 marks
Attempt Questions 1 - 10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1 — 10.

1. Whatis the projectionof ¢ =2i+3j onto b=i—-4;?

DT
17 17~
B it
177 17~
© i
137 13~
O) i+
137 13~

2. Which of the following is an expression for j sin®4xdx ?

X 1

A x 1

(A) 5 16Sln8x+C
X 1

B - e

(B) 2+1651n8x+C

1
(C) x—gsin8x+C

1
(D) x+§sin8x+C

3. Which one of the following differential equations has y = 5xe?* as a solution?

d’y _dy

A — 2 22 —

(A) dx? dx 0
d’y  dy

B — T AL =

(B) dx? dx 0
d2

(C) d—szl — 4y = 20e%*
d2

(D) d—szl —4y = e**
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4. Consider the graph of y = f(x) shown here:

})

N
5 4+

Y

Which one of the following would have 2 more roots than f(x)?

(A)  y=-2X%Xf(x)
B)  y=f(x)+3
€  y=f"®
(D)  y=f(x+3)

5. Which of the following is an expression for f tanx dx °?

(A)  sec’x+c
(B) In|cos x| + ¢
(C) In|secx| + ¢

1
(D) Etanzx +c
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2x

where f(x) > 2, which of the following is f ~1(x) ?

3+e
6. If f(x) = c

(A)  In(5x—3)
1

(B) Eln (5x — 3)

(C) In (5x) —In 3
1

(D) Eln (5x) —In 3

7. Acurve is defined parametrically by x = —Int, y = cos 2t for t > 0.
At what approximate value of x does the curve cross the x-axis for the first time as t increases

from zero?
(A) -1.7
(B) -1.37
(Q) -0.86
(D) 0.24

8. A company has a board of twelve directors. Six of these were selected at random to be candidates
in the election for the positions of President, Vice-President and Treasurer.

In how many ways can these three senior positions be filled?

(A) Py

12!

(B)
3!

12P6

(C)

3!

12P6

3!3!

(D)
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9. Which of the following best represents the direction field for the differential equation
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10. The diagram shows OABC, a rhombus in which OA=CB=aand0C=4B =¢

[N

0 C C

To prove that the diagonals of OABC are perpendicular, what are you required to show?

(A)

(a+c):
®) (a-c)-(a—c)=0
@ (a-c):
(o) ac=0

End of Section |
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Section Il

60 marks
Attempt Questions 11 - 14
Allow about 1 hour and 45 minutes for this section

Instructions e Answer each question in the appropriate booklet. Extra writing booklets are
available.

e |n Questions 11-14 your responses should include relevant mathematical
reasoning and/or calculations.

Question 11 — Start a new booklet (15 marks) Marks

X
(a) Solve —3 < 4 for x. 2

b) a,f andy are the roots of the polynomial P(x) = 2x3 — 4x% + x + 5.
(b) @ fandy

Calculate:
(i) 3a+3B+3y—4afy 2
(i) a?+p%+y? 2

(c) Thediagram shows the graph of y = f(x).

..I'l

(i) Sketchy = f~1(x) after making an appropriate restriction on the domain 2

of f(x).

(ii)  On aseparate diagram, sketch

YTFr

Question 11 continued on page 7

CTHS HSC Mathematics Extension 1 AP4 2021 7



Question 11 continued

(d) Determine the values of a and b so that x* — 3x3 + ax? + bx — 1 is divisible by 3
(x — 1)2.
(€)  Find the angle between the vectors a = ( 3 ] and b= [lJ , correct to the 2
~ |ss) ~ L4

nearest degree.

End of Question 11 — Start a new booklet

CTHS HSC Mathematics Extension 1 AP4 2021



Question 12 — Start a new booklet (15 marks)

(a) Ina particular circuit, the current 7 amperes is given by:
I =4sinf —3cosf
Where 0 is an angle related to the voltage and 8 > 0.

(i) Express I intheform = Rsin(0 — a) whereR > 0and0° < a < g

(i) Find the value of @ for which the greatest value of I first occurs.
Justify your answer mathematically.

(b)  Water is poured into a container at a rate of 8 cm3s~! and the volume of the
water in the container is given by:

3
V= E (hz + 8h)
where h is the depth of the water in centimetres.

Find the rate of change of the depth of the water when V=72 cm3.

31
(c) Evaluate J- * c0s220sin 20 dO. Use the substitution u = cos 20.
TT

2

(d)  Use the principle of mathematical induction to prove that foralln > 1,

(e) Use the pigeonhole principle to determine how many integers must be selected
from the numbers 5, 6, 7, 8, 9 and 10 so that at least 2 of the numbers will have
a difference of 3?

End of Question 12 — Start a new booklet

CTHS HSC Mathematics Extension 1 AP4 2021
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Question 13 — Start a new booklet (15 marks)

d
() Find the solution of the differential equation é =1+ 4y?, given y(0) = %

Give your answer in the form y = f(x).

(b)  Use the compound angle identities to first simplify and then solve

cos3x —cos2x +cosx =0for0 <0 <.

1
(c)  Asolid is generated when the region bounded by y = ~,y =4 thelinex =3
and the y-axis is rotated about the x-axis.

Determine the volume of the solid.

X
(d) (i) Find f—dx using the substitution u = 1 — x?
V1 —x2
(ii) Differentiate x cos™! x with respect to x.

(iii)  Hence, find jcos_lxdx

End of Question 13 — Start a new booklet

CTHS HSC Mathematics Extension 1 AP4 2021
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Question 14 — Start a new booklet (15 marks)

(a)

(b)

(c)

A particle is projected upwards from the top of a building 12 metres high with an
initial velocity of 40 ms™. The particle is launched at an angle of 30 degrees with
the horizontal.

Take 9.8 ms for the acceleration due to gravity.

(i) If the origin is at the base of the building, show that the displacement
vector of the particle is:

s(t) = 20V3 ti + (—4.9t? + 20t + 12)j

(ii) Show that the time of flight is 4.61 seconds, correct to 2 decimal places.

(iii) Determine the speed, correct to 2 decimal places, and the angle, correct
to the nearest degree, at which the particle hits the ground.

Consider a set with n objects without regard to order.

The set is to be split into r groups. The first group is of size n;, the second is of
size n,, and so forth, with the last group of size n,..

Note ny +n, +---+n, =n.

(i) Explain why the number of ways to split the set into r groups is:

<n)<n_n1)<n_n1_n2) <Tl—n1—n2—"'—nr_1)
ny n, N n,

(ii) Show that the expression in part (i) is equal to
n!

nyin,!..n,!

(iii) A club consisting of four Year 12 students and twelve Year 11 students is
randomly divided into groups of four.

Find the probability that each group includes a Year 12 student.

cos3x sin3x

Prove that - — is independent of x.
cos x sinx

End of Paper
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Marks

11



Year 12 Mathematics Extension 1 Section | — Answer Sheet

NESA No.

Name:

Class:

Select the alternative A, B, C or D that best answers the question. Fill in the response oval

completely.

Sample: 2+4= (A) 2
A O

(B)

B @

6

(C) 8
c O

(D) 9
p O

= |f you think you have made a mistake, put a cross through the incorrect answer and fill in

the new answer.

A @

5 @R

c O

p O

= |f you change your mind and have crossed out what you consider to be the correct
answer, then indicate the correct answer by writing the word correct and drawing an

arrow as follows.

correct
g

A @® B @ cO b O
. AO BO ¢cO DO
2. AO BO CcO DO
3.AO BO CcO DO
4, AO BO CcO DO
5. AO BO CcO DO
66 AO BO cO 0O
7. AO BO ¢cO 0O
8&. AO BO cO 0O
9. AO BO CcO DO
0. AO BO ¢cO DO




2021 Mathematics Extension ) AP4 Solvhons

) Fejab = 2°b b

?)

)

Bl

(1]

(22D +(3x-4) 4 (.;_4\3' )
(or+-H2)* -

i ()
fSlﬂ""xdl

= -5- j'(l- GS B ) dx

:é (x--ﬁ Sm81>4 C

=X -~ 15n8x +C
2 ‘o

y = Szezz u=Sx v=€.21
dy - Se®* + 10z [u'-.-‘:': v's 2e*
ax
_d_zy_ = loeh Y 'oezx+ ZOzezz y s Jox
ot = 20 e + 20xe 2* u'= o

%2

2
Lus = 20e 2% 4 20ze°*- 4‘(516 x>

b | 2%

2
< 20&2 + 202xe 1-— 202 ¢
2%
s e

= RHS

2x

ves €

v

!

2e

2x
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5) f&m x dx

s —(-S1x e ko &

Cosx
= —\nIGoSDL\ +C
= In|Secx]| +C
2% 24
6) bg 2ie Slnverge . = 3+e
5 S

Cos 2t =0

bhen ¢ = I‘-}- ( first = mJelcepJ)

= ~nT & 0.24 (2d
g 24 (2dp)




8) There are 2C( woys of selechnq dhe
6 dvechrs to go though to the
elechon .

There are ®F3; ways of elechng people
to the 3 POSl"“OI\S

L
LI

2Cx“f3 'z?' e

@

s |2:
6!3!)

- 12

< FL

3!

Q) kS Yy=2 mokes denommoter zero ,
verticol SIO.dlCﬂJ Fy pomks wrth y= 2
As =0 makeg numerator zero
norizontal gradiend for ponts with xs:0

TS only happens ot 8 and D

63 sobs-hi-u'hgj coordinafe valves nho

hon D 18 correct |
BooF

e.qg . Tes+ (3,0

9 = 3
da




10) 0B h CA

—D —_—
o = & +¢C CAsa-C

~  ~

Since +hey are perpwds cule” need 40 show

— 4
CA « 0B = O

(2-g)(ate)=0




Queshon )

| mark: showS Some

) _x < 4

vnderstandng
x #3
x-3 2 mark$S : Makes
Slan;fccani' P(oaress
x (‘1.-3) S 4(1"5>2 3 marks : Coreect
2 Answe/”
A(x-3) -4(x-3)°< O AY

(x-3) [ x-4(= -a)]s o

C'-x"3> (1-41 +°l>\<

g oA
(2-3) (12-32) § © / \
3(x-3)(4-x) s ©

. (-0,3) U ,:4,oo)
X<B3 of x3>4 (x#3)
B)i) 3« +3p+3Yy - 4xpYy
=3(x+ptY) - +(«pY)
s (£ - +(5)

<py = -g_
2 b + 10
= b

v

u-}& -fY < —_z_

| mork. made some
P(oare_s_s
2 marks Correct SOln.

i) «episy (x+B47)-2 (B 4 %Y 4 pY)
= (1) -2(1)
s 4-)

«proys BY= <
o
= 3

| mork. made some
Pc03r¢8.5
2 marks Cofrect SOln.



¢) i) Domain Reshcied x>0

. 3:.}" ')

{
-5 ". 073 > A
": l' ,‘ 3: {(.%)
o g
l‘3§ b &

Or Domain Reshicted x < O

y= 560’

N .

W) Domain Resincled 2 >0

]
“-——-GH e

| mark resinckd
doman correck

Oc¢ nverse SIQ.P))
corred uith Wrong
domain

L. AWl correct

| Mark - Asymploks
or d |ﬂJ€fC€P."

2 MmacKs- Cocrect
Soln



Or Domain Reshicted x < O
N

d) PD= x* - 22>+ ax’+ bz - )
Pl) = 42® - I+ 2ax + b
f dmsible by (-2  P()=D and P'(D=0

e. P(Ds1-3+a +b-l = o

a+p =3 .... 0
P'(1)=4’-9 4+2a +b = ©

2a+ b =5 -@
@-CQ a =2
bt az 2 indo @ b= | .% @2 b= )

| mork. made some
Pm@re_s.s
2 marks Correct SOln.



P

9 (3 R* ("4' )

Cos® . a.b

lale]
= (3x-1)+(~-Sx4)

J 32 +(-5)* x .](-_1)2—:—4-2

s -23
J 51%' | mork. made some

Pf03rc3-5
2 marks Correct SOlIn.

0 = |b3o



Bueshon 12

of:) 4509 - 2Cos®

= ‘e Sin (9 - 0()
R (Srne‘ Codcl - CD:SQ' 5'0°<->

)

.2 R@sx = 4

| mark ! find R or =
Rsno =3 2 marks! correct soln
Rswne = 3 (RCO&d)z-l- (Rsinee)? - 42-.»52
R 4 RT (Cos?u + Sin’x) = 25
4o0cL = % R* =25
o= 26°87"

R = 5 (R>0)

T= 4500 -35n06= 55‘0(9' "36“87 '>

':i) Moxmom Volue 15 S

( fromn equo.'}wﬁ D

H# occorS when
551 (8 -36.87 D= 5
Sin(8-36.8T) = !

g -3b.37T = 90°

& = 126-81°

I mark : Find valve of &

2 marks : Justfies Answe’



) dV - @cmns”’ Ve 3(h+8h)
dt 2
av - é(zh +8 )
dn 2
dh -2
dv 3(2h*8)
o UsurB +h2 chan ryle
dh = dh x dVv
at d9v  gFE
mark | Lnds dh
< 2 % ] | fiods dt
h or ShowS Som
3(2 +8> un:lefsi-and./l;
- b 2 marKks : Makes
3(21’1‘1‘8) S|am'facan+ P(OerSS
3 marks : Correct
e Gven vz T2 Answe/”
= 3 (h? +8h
72= 3 ( )

h?+8h-4¢ =0
(h-4)(h+12)=0

h=4 or h=-12 (bot h>o)

~h=4
. 0h = b =L ems™’
at 3 (2»4+8) S

‘. ™e rale of change of +he depth of the waler

1) é em s when V= 72 em3



2 us Cos 26

du - -25:n20

de-

du = -2 S5n2p db-

91026-08 = -1 du
2

2

| mark: showS Some
vnderstand ng

2 marKkS : Makes
su&n«'flcan'} pfojfess

3 marks ' Coreect
Answe/”



d) frove twe for n= !

LRHS= lz- RHS = - 132
2!
s 2 -3
2
c 1l
2
LHS= RHS . 4vue ﬁr ns )

Agsume 4irue for n= K

T 4+ 2
= 7 ==

+3 +... + K -2 K+2
2 2 73 2" 25

Need to pove oe for n= K+)
i.e.Need to prove

L +2 +3 ...+ XK + R¥! = 2 - Kelr2
2 22 8 2% 2%%! oW
e 2 — kK3
EA
LHS= L + 2 £3 .. + R + K*)

(L)

2 + R+ + Ra 1
2% 2

(by assvmpHon)

1

2—- Kt2 2 4 K+)

) marK ;' Show 4rve
2Rk 2 2" ns for
2 marKs: Signficand
= 2 - 2K+ 4 + K+t

ress
2“" \ 2“" ) P’DJ

3 mart S : Correct sola



Henee , by +he princple of mathematical nduchén |
the clam s +ve for all N > |

¢) Gnsdering the pars of numbers whch have o
d ference of 32 !
S. < (o"l 7, 10

I we seleckd §,6,7T +hen we would not hawe
0ny paws wiHh a oifferen of 3. Bu? on ouc nexd
selection either €,9 oc 10 We wll have one of
the pawvs above .

6y the hme Yyou have selecked 4 digits  you mus?
have ot least one Pa:’-

| mork. made some
Pco@rcs_s
2 marks Correct SOln.



Question 13
) duy = 1+ 4y
asc

Separahng Variables
d=x

] d =
) +482- J

|n-l-earoi113 bot+h sudes
- = |\d
f 1+ (29? Y 5‘ )

s Y(o) =3
.L+an"z(_'i>= o+ C
= L (T
C=3 ('2‘,)

= I
8
[} =) - T
. Ehn 2:! -x+.§.
+om"'2j = 2% + T
L'-
r 5

| mark: showS Some
vnderstand ng

2 marKS : Makes
513m'f|cam‘ Projress

3 marks @ Coreeck
Answe/”

Cc
-
+
*)
J

~
N
?I
+

N\ g



b) Using  Gosh Gs B = £ [Cos (A-8)+ cos (446D ]

o ) (%52 )

= ‘3[65(31;1 ¥ 31;&> + Cos(az,é_:!- _3%>j
< 5fes () e (3]
s ElFOSBx + Cos 1]
c. los 32+ Gsx = 2 Co.s(M> Gos (31._-1)
2 2

(bs 3x - Cos2x + s x = O
(Cos3x+ Co.su_).. Cos 2x = O

2cqs(31+Tx> Cos(3z?x> - (821 =0

2Cs 2x Cosx -~ Cos 2x = ©
Cos 2x (ZCos:c.-|> -0

. Q)S 2x = O of 2 Cogsx -1=0
22 = I 3T Cos x s L

2 2 2

X T 3T X< I

5 4 S

| mark: showS Some
ur\defsi-anduej

2 markKS : Makes
sngm'flcam‘ PtoyeSS

.
-+
4l
i

3 marks : Coreect
Answe/”



c)‘1

>
3

‘.‘ =T X I I

V:(’W4’2x.!q.-) +

n

&4
4T + T2
=)

The solid ¢ made vp of a c\wjlmder of
rndws 4 and beUhl- z‘-‘_ ond a sold
formed when the area under the curw

974 fers3

3
'H'J‘_'_ dx
x2
]

4

3
47 +1rf 12 dx

i’

4T + T ['-i]?

‘r

= 4T +7r(-:_;--+>

< 4T 4+ T
3

3
= 23T umis
-

d'-)
let s |J-x

Qi.—-Z‘z.

2 —

ax
-2 du = 2 da
2 ]
' markK ! makes
2 markS ! correct

S o

1-x2

some pro Sress

Soluton

1s rotoated.

| mark: ShowS Some

vnderstand ng

2 marKS : Makes
Slan;flcan-l- ijress

3 marks : Coreect

Answe/”



n) us 2 vz Cs™'x
u’es | v!isa - ! \ mark ! makKes some progress

J -2
U4 2 markS ! correct Soluhon

4 (x@s7x) - Cos™'x - _&
dl L A

i Cos™'a -_x = 2 Gs™'x
5> f ="

fCos"'x ox = x Gos™'x + [_x dz

Vi-x=

f(‘os"x dx = =x Q;s"x - J ) - 22 + C

' marX ! makes some p(oaress

2 markS : correct Soluhon



4om|3
When € =0
30 v(id) = 4060330’:: + 4080 30'.]'
= 40x {3 i, + 40 L -
= ~ 2d
= 203 ¢ = 20}3\
a.(e) b 'q'%l | mark: showS Some
vnderstanding
vi£)e [-9.8] d¢
~ 2 marKks : Mqakes
s - Q.S{:J s1gnificant progress
when ¢z 0 3 marks : Gorrect

. Answe/”
203 ¢ 4 2oJ - C

SRTOIELE 20¥3y + 20j
s 20031 + (-18t+20)
s5(® = fszig+ (-1-8¢+20); dt
2 2064) + (-85 4208)] 4 ¢

when t=0 5(t) = 12
IZJ = C

s s(t) 2003t + (-4.Q+z+zot);L + 125

s(®) = 20{3ti_+ (-4.qt’+ 204 4 '2):)



i) The hme of [light 13 when +he Yy component of the
o\isplacemen& 1s O,
ie. ~4.94%2120+t+12 =0

t = -20 X (20%-4(4-D12
2(-4-9)

= -0:53 or 4.46) (bw-t>o)
. 1t = 4.6) seconds .

i) v(s) = 20031 + (-%.8¢ *2°>J
when £t = 4.1 -
v(4:6) = 20V3, + (- A-8x4:61420) ]
. 2008y + -aS.118 | -
P4

. Vo_locv'd’- JCQ.O@* C"25- ‘18>2
< 42-83 m|s

Ange of Inchnahen : 4an 82 -25.1718
20V3

0 = -3¢°

.t The porhcle hts dne Sround wvth a vnloc;-l:.j e,('
42.83 m|s et an a.ndle of 144° with the honzental

| mark: showS Some
vnderstand 1ng

2 marKS : Makes
513m'flcan+ Pfogfess

3 marks : Correct
Answe/”



bi)Wdh n obeds , first combing N, of them with
(r’\\ ) possibikhes .

Left with n-n, objects and combine Ny f them
with (n—n,>.

Ny
The patern Conhnves yahl Here gre N-n-ny-..on.

objects and combine the remaing N of them

wrth n-n.-n,_...n,-;) possibilhes
N

.+ The nomber of woys Fo SFH the olueds wnio r 3rovps

1S 4he ploduct of the posable number of each of the
r subsels .

) (n)(n m) n- n.-nz>, (n n-n,—-— n.-,,)

(ﬁ)_ % n-m—/ ' (“ O ALY
n ) (n/, . ny! (0?(-035 Ng! ("‘::?')/”3)‘ :r' (n-ﬂ??r:- '"r-l'2r>'
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